ABSTRACT. For b ≤ −2 and e ≥ 2, let S e,b : Z → Z ≥0 be the function taking an integer to the sum of the e-powers of the digits of its base b expansion. An integer a is a b-happy number if there exists k ∈ Z + such that S k 2,b (a) = 1. We prove that an integer is −2-happy if and only if it is congruent to 1 modulo 3 and that it is −3-happy if and only if it is odd. Defining a d-sequence to be an arithmetic sequence with constant difference d and setting d = gcd(2, b − 1), we prove that if b ≤ −3 odd or b ∈ {−4, −6, −8, −10}, there exist arbitrarily long finite sequences of d-consecutive b-happy numbers.
1. Introduction. As is standard, a positive integer a can be uniquely expanded in the base b ≥ 2 as a = n i=0 a i b i , where 0 ≤ a i ≤ b − 1 and a n = 0. This definition can be extended to negative bases b ≤ −2 in an analogous manner, with 0 ≤ a i ≤ |b| − 1. The study of negative bases was introduced in the 1885 work of Vittorio Grünwald [4] . As with positive bases, positive integers have unique representation in negative bases, but the same holds for negative numbers in negative bases, with no need for a negative sign: Any number written in a negative base with an odd number of digits is necessarily positive, while any written with an even number of digits is necessarily negative. For example, converting between base 10 and base −10, we have 2017 = (18197) (−10) and −2017 = (2023) (−10) .
We begin by adapting the definition of generalized happy numbers and the corresponding function given in [3] to include the case of negative bases. It is natural, in this case, to extend the domain of the function to include all integers. Definition 1. Let b ≤ −2 and e ≥ 2 be integers, and let a ∈ Z − {0} be given by a = The following definition and the others in the sequel are either directly from or adapted from [2] . Definition 3. A d-consecutive sequence is defined to be an arithmetic sequence with constant difference d.
In Section 2, we determine the fixed points and cycles of the functions S 2,b for −10 ≤ b ≤ −2. In Section 3, we generalize the work of El-Sedy and Siksek [1] and the work of Grundman and Teeple [2] on sequences of consecutive b-happy numbers. In particular, Grundman and Teeple showed that there exist arbitrarily long finite d-consecutive sequences of b-happy numbers, where b ≥ 2 and d = gcd(2, b − 1) [2, Corollary 2]. We prove that this result does not hold for b = −2, but does hold for all odd negative bases and for even negative bases −10 ≤ b ≤ −4.
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2. Cycles and Fixed Points. In this section, we first determine a bound, dependent on the given base b ≤ −2, such that each fixed point and at least one point in every cycle is less than this bound. We then use this result to compute all cycles and fixed points of S 2,b for −10 ≤ b ≤ −2.
Proof. Let a and b be as in the hypothesis. Then a = n i=0 a i b i with n even, 0 ≤ a i ≤ |b| − 1, a n = 0. Observe that
Case: n ≥ 4. Since, a n ≥ 1 and, for each i, 0 ≤ a i ≤ |b| − 1, minimizing each term in (1) yields
Noting that
Note that the function f (x) = 2 x−3 − x/2 − 1 is an increasing function for x ≥ 5 and that f (5) > 0. Thus, for n ≥ 5, since b ≤ −2, |b|
and so, by inequality (4), a − S 2,b (a) > 0. Now, for n = 4 and b < −2, using inequality (3),
, and for n = 4 and b = −2, using inequality (2), a − S 2,b (a) > 0.
Case: n < 4. In this case, (|b| − 1)(|b| 2 − |b| + 1) < a ≤ (|b| − 1)(|b| 2 + 1). So a = a 2 b 2 + a 1 b + a 0 with a 2 = |b| − 1, 0 ≤ a 1 ≤ |b| − 2, and 0 ≤ a 0 ≤ |b| − 1. Thus,
Note that when b = −2, the bound in Theorem 1 is 4. Since 3 is a fixed point of S 2,−2 , the given bound is best possible.
The following corollary is immediate.
Corollary 2. Let b ≤ −2. Every fixed point of S 2,b is less than or equal to (|b| − 1)(|b| 2 − |b| + 1) and every cycle of S 2,b contains a number that is less than or equal to (|b| − 1)(|b| 2 − |b| + 1).
Using Corollary 2 and a direct computer search, we determine all fixed points and cycles in the bases −10 ≤ b ≤ −2. The results are given in Table 1 The following straightforward lemmas are used throughout this work.
Proof. Fix a, b, and k as in the lemma. Noting that the result is trivial if
A simple induction argument completes the proof.
3. Consecutive b-Happy Numbers. In this section, we consider sequences of consecutive b-happy numbers for negative b. Grundman and Teeple [2] proved, for each base b ≥ 2, that, letting d = gcd(2, b − 1), there exist arbitrarily long finite sequences of d-consecutive b-happy numbers. We prove the following theorem using ideas from both of [1, 2] . Note that part (1) of the theorem demonstrates that the results in [2] do not generalize directly to negative bases. (1) There is an infinitely long sequence of 3-consecutive −2-happy numbers. In particular, a ∈ Z + is −2-happy if and only if a ≡ 1 (mod 3). (2) There is an infinitely long sequence of 2-consecutive −3-happy numbers. In particular, a ∈ Z + is −3-happy if and only if a ≡ 1 (mod 2). We begin by proving the first two cases of Theorem 5. The other two cases follow immediately from Corollary 13, stated and proved at the end of this section.
Lemma 7.
i with a i ∈ {0, 1} for all 0 ≤ i ≤ n, then
Thus, if a is −2-happy, a ≡ 1 (mod 3). Now, suppose that a ≡ 1 (mod 3). By Lemma 3, there exists a Let S e,b (T ) be (e, b)-good and u ∈ U e,b . Then, by the definition of (e, b)-good, there exist n ′ and k ′ such that for each s ∈ S e,b (T ), S k ′ e,b (s + n ′ ) = u. Let ℓ be the number of base b digits of the largest element of T and let ℓ ′ = ℓ or ℓ + 1 such that n ′ + ℓ ′ is odd. Let
Then S e,b (n) = n ′ and for each t ∈ T , S e,b (t + n) = S e,b (t) + n ′ . Let k = k ′ + 1. Then for each t ∈ T ,
So T is (e, b)-good.
Lemma 9. Let b ∈ {−4, −6, −8, −10} and let 0 < t 2 < t 1 be integers. Then there exists a function F of the type described in Lemma 8 such that F (t 1 ) = F (t 2 ).
, we are done, and so we assume otherwise. From Table 1 , we have Thus, if {F 1 (t 1 ), F 1 (t 2 )} = {1, 6}, then let F = F 2 F 1 , so that F (t 1 ) = F (t 2 ). And if {F 1 (t 1 ), F 1 (t 2 )} = {1, 14}, then, noting that S 2,−4 (14) = 6, let F = F 2 F 1 S 2,−4 .
Finally, observe that 
,−6 (36) = 1, regardless of the choice of ℓ. If F 2 F 1 (t 2 ) = 1, we are done. If not, since (2, 4, 16, 33, 11, 51, 29, 30 ) is a cycle, we can modify our choice of ℓ (making it larger, if necessary) to guarantee that F 2 F 1 (t 2 ) = 2.
, we are done. Otherwise, using Table 1 , we can choose a possibly larger value of ℓ so that
,−10 (100) = 1, we are done. If not, we can choose ℓ so that
2,−10 I and set F = F 4 F 2 F 1 , completing the proof.
We now apply the methods in [2] to odd negative bases, noting that the original proof does not carry over, since, for b negative, b − 1 = |b| − 1.
Proof. Since b is odd and v ′ is even, the input to S 2,b in (5) is odd. Thus, by Lemma 4, the output is also odd. Hence, we can choose
Lemma 11. Fix b ≤ −5 odd and let t 1 , t 2 ∈ Z + be congruent modulo 2 with t 2 < t 1 . Then there exists a function F of the type described in Lemma 8 such that F (t 1 ) = F (t 2 ).
Proof. First note that if t 1 and t 2 have the same non-zero digits, then S 2,b (t 1 ) = S 2,b (t 2 ), and so F = S 2,b suffices.
Since b 2r > b 2 v, it follows that I m (t 1 ) and I m (t 2 ) have the same non-zero digits. Thus, it suffices to let
It follows that
Using congruence (5), this yields For the converse, assume that the elements of T are congruent modulo d. If T is empty, then vacuously it is (2, b)-good. If T = {t}, then given u ∈ U 2,b , by definition, there exist x ∈ Z + such that S 2,b (x) = u. Fix some r ∈ 2Z + such that t ≤ b r x. Then, letting n = b r x − t and k = 1, since S Now assume that |T | = N > 1 and assume, by induction, that any set of fewer than N elements all of which are congruent modulo d is (2, b)-good. Let t 1 > t 2 ∈ T . By Lemmas 9 and 11, there exists a function F as in Lemma 8 such that F (t 1 ) = F (t 2 ). This implies that F (T ) has fewer than N elements. Further, since the elements of T are congruent modulo d, the same holds for I(T ) and, by Lemma 4, for S 2,b (T ), implying that the same holds for F (T ). Thus, by the induction hypothesis, F (T ) is (2, b)-good and so, by Lemma 8, T is (2, b)-good. 
